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The Optimization Problem

Overview

Start with an optimization problem

Derive nonlinear, differential, eigenvalue equation

Difficulty is due to singular boundary condition

Using a similarity solution we “peel away” singularity

Locate stable manifold to decrease shooting dimension

Shoot for boundary condition with no numerical difficulties
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The Optimization Problem Motivation

Maximize the lowest resonant frequency of unsupported rod

Minimize harmonic resonance

Minimize vibration amplitude for given energy

Maximize damping rate

Understand design limitations
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The Optimization Problem Motivation

Maximize the lowest resonant frequency of unsupported rod

Minimize harmonic resonance

Minimize vibration amplitude for given energy

Maximize damping rate

Understand design limitations

Subject to the following constraints

Fixed cross-sectional shape

Fixed length, L

Fixed volume, V

Uniform material, with Young’s modulus E , density ρ
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The Optimization Problem Setup

The setup

Distance from the tip, s

The cross-sectional area, a(s)

The deflection of the neutral
axis, y(s)

Assume thin rod,
√

a � L;

and small deflection, y � L

L

a(s)

s

s y(s)

Y. Farjoun, J. Neu (MIT, UC Berkeley) The Optimal Shape of a Javelin 12.08.08 Similarity, Vancouver 4 / 15



The Optimization Problem Lagrangian and Equations

Scaled average Lagrangian

area length energy

[a] = V
L [s] = L

2 [L]=8cEV 2

L5

L[y ] =

2Z

0

λ2 ay2−ay2ss ds,

2Z

0

ads = 2
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The Optimization Problem Lagrangian and Equations

After Euler-Lagrange, and λ−maximization

Definition of the torque, ϕ ϕ−a2 yss = 0

Vibration problem ϕss −λ2ay = 0

λ−maximization 2

(
ϕ2

a3

)
s

−λ2
(
y2

)
s
= 0

Volume constraint bs −a = 0

ϕ = 0

ϕs = 0

b = 0




at tip
s = 0

ys = 0

as = 0

b = 1




at center
s = 1
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Solution Example: Constant Cross-section

Baseline example

For a constant cross-section, a ≡ 1, the vibration eigenvalue problem has a
simple analytic solution

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−2

−1

0

1

s

y

λ≈ 5.5

y(s) =
cos(

√
λ(s−1))

cos(
√
λ)

+
cosh(

√
λ(s−1))

cosh(
√
λ)

Y. Farjoun, J. Neu (MIT, UC Berkeley) The Optimal Shape of a Javelin 12.08.08 Similarity, Vancouver 7 / 15



Solution Example: Constant Cross-section

Difficulties of the full problem

It is singular at the free end, s = 0

We expect the tip of the rod to taper to a point

Straightforward shooting is not possible

Backward shooting is also not possible
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Solution Example: Constant Cross-section

Difficulties of the full problem

It is singular at the free end, s = 0

We expect the tip of the rod to taper to a point

Straightforward shooting is not possible

Backward shooting is also not possible

The plan:

Find algebraic solution from balance of units

Divide each variable by its respective algebraic solution

Find an ODE for the ratios

Hope that this ODE is nicer

Solve starting near a critical point
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Solution Finding the Similarity Solution

Let A,B,Y ,P, and S be the “units” of a,b,y ,ϕ and s.
The 4 equations of the ODE system give

Unit Balance

ϕ−a2 yss = 0 =⇒ P = A2YS−2

ϕss −λ2 ay = 0 =⇒ PS−2 = AY

2

(
ϕ2

a3

)
s

−λ2
(
y2

)
s
= 0 =⇒ P2A−3S−1 = Y 2S−1

bs −a = 0 =⇒ BS−1 = A
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Solution Finding the Similarity Solution

Let A,B,Y ,P, and S be the “units” of a,b,y ,ϕ and s.
The 4 equations of the ODE system give

Unit Balance

ϕ−a2 yss = 0 =⇒ P = A2YS−2

ϕss −λ2 ay = 0 =⇒ PS−2 = AY

2

(
ϕ2

a3

)
s

−λ2
(
y2

)
s
= 0 =⇒ P2A−3S−1 = Y 2S−1

bs −a = 0 =⇒ BS−1 = A

Solving these equations gives the relations

A = S4

B = S5

P = YS6
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Solution Finding the Similarity Solution

The relations hint to a solution of the form

ã(s) = a0s
4

b̃(s) = b0s
5

ϕ̃(s) = ϕ0sp+6

ỹ(s) = y0s
p
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Solution Finding the Similarity Solution

The relations hint to a solution of the form

ã(s) = a0s
4

b̃(s) = b0s
5

ϕ̃(s) = ϕ0sp+6

ỹ(s) = y0s
p

The only (physically viable) algebraic solution is

â(s) =
λ2

72
s4 b̂(s) =

λ2

360
s5

ϕ̂(s) = y0
λ4

864
s4 ŷ(s) =y0s

−2

which also satisfies the boundary conditions at the tip, s = 0, but not at the
center, s = 1
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Solution Peeling away the singularity

New variables: α, β, ψ, ζ

α =
a

â
β =

b

b̂

ψ =
ϕ
ϕ̂

ζ =
y

ŷ

while the independent variable is t = − logs
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Solution Peeling away the singularity

New variables: α, β, ψ, ζ

α =
a

â
β =

b

b̂

ψ =
ϕ
ϕ̂

ζ =
y

ŷ

while the independent variable is t = − logs

The ODE for the quotients is

6ψ−α2(∂+2)(∂+3)ζ = 0

(∂−4)(∂−3)ψ−12αζ = 0

(4+∂)
ψ2

α3
−2ζ(2+∂)ζ = 0

(5−∂)β−5α = 0

where
∂ = d

dt
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Solution Peeling away the singularity

New variables: α, β, ψ, ζ

α =
a

â
β =

b

b̂

ψ =
ϕ
ϕ̂

ζ =
y

ŷ

while the independent variable is t = − logs

The ODE for the quotients is

No λ!

6ψ−α2(∂+2)(∂+3)ζ = 0

(∂−4)(∂−3)ψ−12αζ = 0

(4+∂)
ψ2

α3
−2ζ(2+∂)ζ = 0

(5−∂)β−5α = 0

where
∂ = d

dt

Y. Farjoun, J. Neu (MIT, UC Berkeley) The Optimal Shape of a Javelin 12.08.08 Similarity, Vancouver 11 / 15



Solution Peeling away the singularity

New system

The eigenvalue λ, is not present in the new equations

It appears only in a boundary condition

Other boundary condition is satisfied at the critical point

Reduces to an easy shooting problem

t → ∞

t = 0 Unstable Manifold

Stable
Manifold

Boundary
Condition Critical

Point
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Solution Peeling away the singularity

Resulting taper

Numerical solution has λ≈ 27, five times larger than the untapered rod

No numerical difficulties are encountered

Easy to solve for different setup: cantilever, hinge, etc
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Conclusion

Conclusions

Unstable, 4D shooting is replaced by regular 2D shooting

Eigenvalue is removed from evolution equations

Similarity solution gives analytic information near singularity

Method seems to be general (solves “tallest column” as well)
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Conclusion

Thank-you!!
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